Abstract
INTRODUCTION
Investors prefer holding portfolios of securities rather than a single security due to a risk-reduction effect called risk diversification. In addition to providing arbitrage opportunities, diversification is often called "the free lunch in finance. "
International stock market linkages are the subject of extensive research for the following reasons: (1) the rapid flow of capital among countries due to financial deregulation, 1 (2) information availability, (3) the reduction of transaction costs, and (4) the potential gains from international diversification of investment portfolios (In, Kim and Yoon, 2002) . Most stock markets in the world tend to move together, in the same direction, implying positive correlation. However, the increasing correlations among developed and emerging markets have restricted the scope of international diversification (Srivastava, 2007) .
Thus, this paper aims to research if there are any diversification opportunities between two European, and in many aspects different equity markets: those of Germany and Bosnia & Herzegovina. This research examines the scope of international diversification over a six-year period before, during and after the recent crisis, from 2006 to 2011. We test the hypothesis of whether there are any risk diversification possibilities by spreading out investments between German and Bosnian equity markets. The hypothesis is tested by statistical methods and with the Markowitz portfolio optimization process (Markowitz, 1952 (Markowitz, , 1991 . The research results might allow more efficient securities portfolio management on European capital markets. This paper is organized into five sections, including an introduction. Section 2 outlines the theoretical background and methodology, Section 3 deals with data, Section 4 presents the results, and in Section 5 we conclude the study.
THEORETICAL AND METHODOLOGICAL FRAMEWORK
The integration of global equity markets has been a well-studied topic in the last two and a half decades, particularly since the October 1987 stock market crash. Most studies are conducted for developed markets like the US, Western Europe and Japan. The findings were that the degree of international co-movements among stock prices has substantially increased in the post-crash regime (Arshanapalli and Doukas, 1993) . After the Asian crisis, the literature started focusing on emerging Asian markets as well. The recent financial and economic crisis has renewed the topic of capital market co-movements.
International market integration has several definitions. One states that assets of equal risk provide the same expected returns across integrated markets. This means that there are fewer opportunities for risk diversification if the markets are integrated. The second definition states that in integrated markets national stock market indices move together over the long run with the possibility of short run divergence. Vizek and Dadić (2005) researched multilateral integration between the emerging markets of Central and Eastern Europe (CEE) and the German equity market for the period from January 1997 till June 2005. The authors find that the equity markets of Croatia and other CEE emerging equity markets, namely those of Poland, the Czech Republic, Slovenia and Hungary, are multilaterally integrated. In addition, their results indicate multilateral integration between the CEE equity markets and the German equity market. When analyzing Croatian and German equity markets alone, they find no evidence of bilateral integration. Zaimović and Delalić (2010) investigate the risk diversification possibilities of the four West Balkan capital markets: the Sarajevo, Banja Luka, Zagreb and Belgrade Stock Exchanges. By analyzing the six main stock market indices in a 34-month period, from 2006 till 2008, they found a low to medium positive statistically significant correlation between indices returns pairs. The equally weighted portfolio of three index fund stocks would have a very good standard deviation -mean trade-off, lying almost on the efficient frontier. This study encourages the creation of index replicating funds in the analyzed markets.
Within the theoretical context of market integration, international stock market linkages and interdependence form a cornerstone of modern portfolio theory, especially in relation to asset diversification. This theory suggests that investors diversify their assets across national borders as long as stock returns in other markets are less than perfectly correlated with those of the domestic market (Masih and Masih, 1997) .
Financial integration between equity markets can be assessed by a different methodology. Fratzschner (2001) used uncovered interest parity, Korajczyk (1995) used multifactor Arbitrage Pricing Theory, Bekaert and Harvey (1995) and Dumas and Solnik (1995) used the Capital Asset Pricing Model. Co-integration analysis is used to test the stability of long run relationship across financial markets (Dickinson, 2000, Vizek and Tadić, 2005) .
Risk diversification has two basic sources: one concept was developed by Markowitz (1952) and another developed by Sharpe (1964) . Markowitz introduced the notion of a (mean-variance) efficient portfolio that (1) provides minimum variance for a given expected return or (2) provides maximum expected return for a given variance. Diversifying risk by selecting weakly correlated securities implies that the decision is made based on information about standard deviation and correlation between securities' returns. This diversification is called Markowitz or efficient diversification, because Markowitz was the first who developed the procedure for calculating efficient portfolios.
Sharpe finds that one can reduce the risk of a portfolio just by adding randomly selected securities in a portfolio, in such a way that all the securities have the same but small weights. Through this procedure, unsystematic risk is diversified, while systematic risk becomes the only risk to be rewarded on the capital market. This approach does not explicitly assume that the securities' returns are uncorrelated. Sharpe calls this diversification random diversification, essentially because an investor does not have to know information about the standard deviation and correlation between securities' returns.
In this paper we adopted Markowitz's methodology to demonstrate the diversification possibilities on the selected capital markets. The efficient frontier of any possible portfolio of stocks, regardless of the number of stocks in the portfolio, lies between the portfolio with the minimum standard deviation (also minimum variance) and the portfolio with the maximum rate of return (mean). The portfolio with the maximum rate of return is the upper, final point on the efficient frontier. If the short sales are not allowed, the final portfolio (up on the right) in the efficient frontier will always be represented by only the stock with the highest return in the portfolio.
The classical Markowitz portfolio model is used to determine the efficient portfolios returns There are two types of constraints in this model. The first constraint appears in all models, and it requires that the sum of all investment weights be 1, with investments defined as portions of money invested in each individual security in a portfolio. The other set of constraints requires that the investment be non-negative, which means that there is no lending or short-sells.
The mean-variance combination of securities is efficient if there are no other portfolios with the same return and lower variance, or the same variance and higher return. In determining the efficient combination of a set of securities (or in efficient portfolio determination) several optimization problems are detected. First, in this model the set of possible portfolios is limited, where the minimum limit is represented by the portfolio with the lowest possible variance, and the maximum limit being the portfolio with the highest possible return. In addition, in the very definition of the efficient portfolio we can see that for every rate of return the lowest variance portfolio has to be determined, and for every variance, the highest return portfolio has to be determined.
Let us assume an investor considers investing in a portfolio, with a given value of expected return on investment E, and is interested in the lowest variance with which the return can be achieved. The optimization model is formed as: where the constant E has to be between the efficient portfolio with the lowest variance, and the efficient portfolio with the highest expected return,
. If the following is true , model (4) would be unsolvable, and if then the solution to the system (4) would not be an element of the efficient set. As a result of applying the complementary algorithm (used for solving the quadratic programming model 4) we will get the investment vectors that provide the absolutely minimum portfolio return variance with the pre-set return E. By choosing a randomly expected return of investment in the range we can determine the efficient set of observed security. We have selected two characteristic portfolios, the minimum variance portfolio and the portfolio with the best risk-return trade-off (maximum Sharpe ratio). In Figure 1 , these two portfolios are marked as M and A, respectively.
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DATA
In order to measure diversification possibilities and asset behavior in the German and Bosnian equity markets, we have determined and analyzed the efficient portfolios formed from selected stocks from the Frankfurt Stock Exchange (FSE) and the Sarajevo Stock Exchange (SASE), both apart and together. Input data for mean-variance (MV) analysis are the last stock weekly prices sourced from the official webpage of the SASE 2 for the Bosnian market and from the Yahoo Finance webpage 3 for stocks from the German market. The time interval for diversification tests was determined by the global economic crisis and its effects on diversification possibilities on these two markets. The additional criterion was the liquidity of stocks on the SASE. In 2006 the SASE introduced the Multi Fixing Trading Schedule (MFTS) for the most liquid stocks. In the same year turnover on SASE was larger than EUR 332 million (BAM 650 million), which is why we have chosen the 2006 year for the beginning of our analysis. Earlier periods on the SASE were characterized by low liquidity, irregular trading activity and a small number of traded stocks. Thus, we have observed According to the research goals we have selected stocks from both equity markets that represent overall market movements. Forty-three stocks have been selected from the SASE. 4 These stocks have been traded by the MFTS algorithm in the official market and in the SASE primary free market. The overall proportion of these 43 stocks in all market turnovers in the last three years (2009, 2010 and 2011 ) is 51.8%. Moreover, the proportion of the number of transactions is even higher, 77.85%.
By analyzing the collected data we realized that some stocks had less than 20 weekly trading data in the observed period. These stocks have been removed from the sample. In the end 22 stocks from the SASE represented the Bosnian equity market.
5
Since the German equity market is large, we have selected 50 stocks from 9 different industries, which adequately represent the German market. There is much evidence that the risk of a portfolio of 40 even randomly selected stocks consists only of market (diversifiable) risk, (Sharpe, 1964) .
According to the aim of this research, we have di- There is a 6 month overlapping period in 2009, due to the fact that the German economy started recovering in 2009. In addition, in this way we managed to divide the 5.5 year-long period into three equally long sub-periods; each sample consists of 104 data.
RESULTS
In order to test the diversification possibilities between the German and Bosnian equity markets in the observed sub-periods, we form MV efficient portfolios of sample stocks from the FSE and test the effects of spreading out the investments to the sample stocks from the SASE in Figures 2, 3 and 4. We use Sharpe ratio (SR) in measuring efficient portfolio performances, assuming that the risk free rate is zero 6 , i.e. the capital market line drawn from the coordinate origin, (0.0). In addition to the graphical interpretation, where we see the efficient lines shift, we have determined the structure of minimum variance portfolios and the structure of portfolios with a minimum value of coefficient of variation 7 (CV). The last portfolios are highlighted as the portfolios with the smallest dispersion from the expected value. In addition, these portfolios show the change of the efficient frontier curvature. Authors from the official stock exchanges databases, using own portfolio optimization software 6 . Weekly risk-free rates in observed periods are very low, especially in and after the crisis.
7 Portfolio with minimum value of CV has the steepest SR, if the capital market line is drawn from the coordinate origin.
Our results show that the minimum variance of created portfolios is reduced in the case of combining the German with the Bosnian sample stocks in all three sub-periods. In addition, we get more dominant efficient frontiers in the pre-crisis and after-crisis periods. 
Source:
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In Table 1 we present the minimum variance portfolio characteristic values in all three sub-periods. In addition, we present characteristic values of portfolios with the best risk-return trade-off in Table 2 . 8 We note that in the pre-crisis period there is a benefit in expanding investments from the German capital market to the Bosnian. The minimum portfolio risk decreases from 1.36% to 1.08% if we spread out the investments to 78% (FSE) versus 22% (SASE). The Sharpe ratio of best performing portfolio increases from 0.50 to 0.58.
We found no evidence of diversification possibilities in the crisis period. In this sub-period Bosnian stocks are not included in the optimal portfolio (the portfolio with the steepest Sharpe ratio). Based on this, as well as based on the analysis of Figure 3 , we can conclude that the Bosnian market was more affected by the global crisis than the German.
As we can see from the Figure 4 and from Tables 1  and 2 , in the post-crisis period the minimum portfolio risk on FSE decreases from 1.43% to 0.8% if we spread out our investment between the German (34%) and Bosnian markets (66%), but portfolio performance is lower. If we spread out our investment between the German (70.63%) and Bosnian markets (29.37%) the best performing portfolio has the Sharpe ratio of 0.66 and we are able to reduce the risk of our investments.
By comparing the results of the pre-and post-crisis periods we find different diversification effects. The largest efficient frontier shift is observed in the precrisis period, when both markets obtained similar MV efficiency.
In the pre-crisis period the minimum variance portfolio also provided a better Sharpe ratio than the minimum variance portfolio of FSE stocks, in contrast to the post-crisis period when the minimum variance portfolio (consisting majorly of SASE stocks) has a lower Sharpe ratio than the minimum variance portfolio of FSE stocks. Moreover, SASE stocks participate with 29.37% in the portfolio with the steepest Sharpe ratio, created of stocks from both markets as shown in Table 2 .
Sharpe ratio is the steepest in the post-crisis period compared to the pre-crisis and crisis periods; during the recovery most stocks tend to perform better. 
CONCLUSIONS
We have analyzed German and Bosnian equity markets' diversification opportunities before, during and after the global financial and economic crisis. In general, the German equity market is more meanvariance efficient than the Bosnian. The German market, as a mature market, has lower market risk in all of the observed sub-periods, i.e. efficient frontiers are situated more north-west, especially in the post-crisis period. We used Sharpe ratio as a measure of portfolio performance. Based on this measure we find that market risk in the German market ranges from 3.49% in the pre-crisis period, 5.55% in the crisis-period to 1.59% in the post-crisis period, on a weekly basis.
International diversification among analyzed markets brings additional risk reduction. By spreading out investments between the German and Bosnian markets, portfolio risk decreases in the pre-crisis and postcrisis periods. The best risk-return trade-off can be found in the post-crisis period; the minimum variance portfolio's Sharpe ratio is 0.63, while the best performing portfolio has a Sharpe ratio of 0.66. As expected, in the recovery period the expected returns increase.
We find that the recent crisis has affected the Bosnian market much more strongly than the German market. In the crisis, the diversification effects among analyzed markets are negligible, i.e. the German market performed much better. The lack of diversification during the crisis is in our opinion less due to the high integration between analyzed markets than the underperformance of the Bosnian equity market.
Frontier equity markets should be seen as an attractive supplement to investments in mature and developed markets. We found evidence of benefits from international diversification among the German and Bosnian equity markets in the pre-and post-crisis periods.
